サンイツケイ ニ タイスル インテキ センケイ スキーム ノ アンテイカ ニツイテ ジセダイ ケイサン カガク ノ キバン ギジュツ ト ソノ テンカイ by 松尾, 宇泰 & 降旗, 大介
Title散逸系に対する陰的線形スキームの安定化について (次世代計算科学の基盤技術とその展開)
Author(s)松尾, 宇泰; 降旗, 大介











GRADUATE SCHOOL OF INFORMATION SCIENCE AND TECHNOLOGY, THE UNIVERSITY OF TOKYO
CYBERMEDIA CENTER, OSAKA UNIVERSITY
Abstract
1
$\frac{d}{dt}z(t)=-\nabla H(z) , \frac{d}{dt}H(z)=\nabla H\cdot z_{t}=-\nabla H\cdot\nabla H\leq 0$ (1)
$z$ : $\mathbb{R}arrow \mathbb{R}^{d}$
$H:\mathbb{R}^{d}arrow \mathbb{R}$ ( ), $z_{t}$ $z$ $t$
$\frac{\partial}{\partial t}u(t)=-\frac{\delta G}{\delta u}, \frac{d}{dt}\int_{0}^{L}G(z)dx=\int_{0}^{L}\frac{\delta G}{\delta u}u_{t}dx=-\int_{0}^{L}(\frac{\delta G}{\delta u})^{2}dx\leq 0$ (2)
$G(u)$
$[0, L]$ ( 2 3
1 ).
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(1) $\ovalbox{\tt\small REJECT}$ Runge-Kutta





$( x, y\in \mathbb{R}^{d})$ $\nabla_{d}f$ : $\mathbb{R}^{d}\cross \mathbb{R}^{d}arrow \mathbb{R}^{d}$ (1)
$\frac{z^{(m+1)}-z^{(m)}}{\Delta t}=-\nabla_{d}H(z^{(m+1)}, z^{(m)})$ (4)
$\Delta t$ $z^{(m)}\simeq z(m\Delta t)$ ‘. ‘
1 2
(4) :







( $arrow$ Furihata-Matsuo [2] 6 ). $f(z)$ $f(x, y)$
$(x, y\in \mathbb{R}^{d})$ ,
$f(x, y)-f(y, z)=\nabla_{d}f(x, y, z)\cdot(x-z)$ (6)
$\nabla_{d}f$ : $\mathbb{R}^{d}\cross \mathbb{R}^{d}\cross \mathbb{R}^{d}arrow \mathbb{R}^{d}$ ( )
3 $\nabla_{d}f(x, y, z)$
$\frac{z^{(m+1)}-z^{(m-1)}}{2\Delta t}=-\nabla_{d}H(z^{(m+1)}, z^{(m)}, z^{(m-1)})$ (7)
$\nabla_{d}H(z^{(m+1)}, z^{(m)}, z^{(m-1)})$ $z^{(m+1)}$
(4)
:
$H(z^{(m+1)}, z^{(m)})-H(z^{(m)}, z^{(m-1)})=\nabla_{d}H(z^{(m+1)}, z^{(m)}, z^{(m-1)})\cdot(z^{(m+1)}-z^{(m-1)})$











$\frac{d}{dt}z(t)=-\nabla H(z)=z-z^{3}, H(z)=\frac{(1-z^{2})^{2}}{4}$ . (9)
(1) Cahn-Hilliard Ginzburg-Landau
$H(z)$ 2 4





). Banach $X$ , $X$ $S(t)$ : $z_{0}\mapsto z(t;z_{0})$
Lyapunov
1 (Lyapunov ) $B\subset X$ $\Phi$ : $Barrow \mathbb{R}$ $S(t)$ Lyapunov
(i) $z_{0}\in B$ $t\mapsto\Phi(S(t)z_{0})\in B$ (ii) $t>0$
$\Phi(S(t)z)=\Phi(z)$ $z$ $S(t)$






$\omega$ ( ). $B$ $S(t)$
$\omega$ $B$
$\omega(B)=\{z|\exists t_{n}arrow\infty,$ $z_{n}\in B$ with $S(t_{n})z_{n}arrow z\}.$
$S(t)$ $\mathcal{E}$
1( ) $B\in X$ $S(t)$ Lyapmov







$H(z^{(m+1)}, z^{(m)})= \frac{1}{4}\{1-2(az^{(m+1\rangle}z^{(m)}+(1-a)\frac{(z^{(m+1)})^{2}+(z^{(m)})^{2}}{2})+(z^{(m+1)})^{2}(z^{(m)})^{2}\}$ . (10)
$a\in \mathbb{R}$ ( ).
( [2]).
$\nabla_{d}H(z^{(m+1)}, z^{(m)}, z^{(m-1)})=-az^{(m)}-(1-a)(\frac{z^{(m+1)}+z^{(m-1)}}{2})+(z^{(m)})^{2}(\frac{z^{(m+1)}+z^{(m-1)}}{2})$ . (11)
(7) 1























$(\begin{array}{l}z^{(m-1)}z^{(m)}\end{array})\mapsto(\begin{array}{l}z^{(m+1)}z^{(m+2)}\end{array})\cdot\{\begin{array}{l}\frac{z^{(m+1)}-z^{(m-1)}}{z^{(m+}-z^{(m)}8_{)}^{\Delta t}}=-\nabla_{d}H(z^{(m+1)}, z^{(m)}, z^{(m-1)}) ,\overline{2\Delta t}=-\nabla_{d}H(z^{(m+2)}, z^{(m+1)}, z^{(m)}) .\end{array}$ (13)
(7) $(z^{(m-1)}, z^{(m)})\mapsto z^{(m+1)}$
$(z^{(m-1)}, z^{(m)})\mapsto(z^{(m+1)}, z^{(m+2)})$
(7) 2 $(z^{(m-1)}, z^{(m)})$
2 ( ) $(z^{(m+1)}, z^{(m+2)})$
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$z^{(0)},$ $z^{(1)}$ , z(2), . . .’ $(z^{(2n)}, z^{(2n+1)})(n=0,1,2, \ldots)$
2
1( ;[5]) $a>1$ , $1/2\leq a<1$ (13) :
$(\begin{array}{l}00\end{array}),$ $(\begin{array}{l}ll\end{array})$ , $(\begin{array}{l}-1-1\end{array})$ (14)
$a=1$ $(c, 1/c)(c\in \mathbb{R};c\neq 0,1)$
$a<1/2$ $(\mp\sqrt{1-2a}, \pm\sqrt{1-2a})$ ( )









$H(z^{(0)}, z^{(1)})$ ( ) $a>1$
2 ([5]) $H(z^{(2n)}, z^{(2n+1)})=$ const. ( )
$a>1$
$a>1$
( ) $B$ 1
$a\leq 1$ 2
Lyapunov $a$ ( )




$(a=0$ $a=1)$ , $(0<a<1)$
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. Lyapunov $\Delta t$
$a>1$ (7) $\Delta t$ $\Delta t>1$





$a>1$ $\pm 1$ ( ).
$0 5 10 0 5 10$time time
2: 4 : [ ] $(a=0)$ [ ] $(a=1)$
[ (1)
1. $H(z^{(m)}, z^{(m+1)})$ ( a)
$\nabla_{c\ddagger}H\langle z^{(m+1)},$ $z^{(m)},$ $z^{(m-1)})$
2. 2 (
) (13)
$($ $a>1$ $1/2\leq a<1)$ .
3. $H(z^{(m)}, z^{(m+1)})$ Lyapunov
Lyapunov















$\delta_{m}^{(1\rangle}U_{k}^{(m)}=\delta_{k}^{\langle 2\rangle}\frac{\delta G_{d}}{\delta(U^{(m+1)},U^{(m)},U^{(m-1)})_{k}}$ . (18)
Furihata-Matsuo [2] $U_{k}^{(m+1)}\simeq u(m\Delta t, k\Delta x)$
$(\Delta t, \Delta x )$ $\delta_{k}^{+},$ $\delta_{k}^{\langle 2\rangle}$
2 $\delta_{m}^{\langle 1\rangle}$ 1
Furihata-Matsuo [1]
([1] Lem. 5.1 Lem. 5.2
).
3 $c\in \mathbb{R}$

















$\frac{\partial u}{\partial t}=-\frac{\delta G}{\delta u}, G(u, u_{x})=\frac{1-\epsilon}{2}u^{2}+\frac{1}{4}u^{4}-\frac{1}{2}(u_{x})^{2}+\frac{1}{2}(u_{xx})^{2}$. (20)
$G_{d,k}(U^{(m+1)}, U^{(m)})= \frac{1}{2}\frac{(U_{k^{(m+1)}})^{2}+(U_{k^{(m)}})^{2}}{2}-\frac{\epsilon}{2}U_{k}^{(m+\iota)}U_{k}^{(m)}+\frac{1}{4}(U_{k}^{(m+1)})^{2}(U_{k}^{(m)})^{2}$
$- \frac{1}{2}\frac{(\delta_{k}^{+}U_{k^{(m+1)}})^{2}+(\delta_{k}^{+}U_{k}^{(m)})^{2}}{2}+\frac{1}{2}\frac{(\delta_{k}^{\langle 2\rangle}U_{k}^{(m+1)})^{2}+(\delta_{k}^{\langle 2\rangle}U_{k}^{(m)})^{2}}{2}$ . (21)
( )
$\frac{\delta G_{d}}{\delta(U^{(m+1)},U^{(m)},U^{(m-1)})_{k}}=-\{(1+(U_{k}^{(m)})^{2}+2\delta_{k}^{\langle 2\rangle}+\delta_{k}^{\langle 4\rangle})(\frac{U_{k}^{(m+1)}+U_{k}^{(m-1)}}{2})-\epsilon U_{k^{(m)}}(22)$
$\delta_{m}^{\langle 1\rangle}U_{k}^{(m)}=-\frac{\delta G_{d}}{\delta(U^{(m+1)},U^{(m)},U^{(m-1)})_{k}}$ . (23)
3
4 $\epsilon$ $c\in \mathbb{R}$
$\sum_{k=0}^{N-1}G_{d,k}(U^{(m+1)}, U^{(m)})\Delta x\geq c$. (24)
3 $2\cross 2\cross 2=8$
$(1-\epsilon)u^{2}/2$ $u^{2}/2$ $-\epsilon u^{2}/2$
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34 $\epsilon$ $\epsilon\leq 0$
$\epsilon>0$






$\eta\frac{\partial u}{\partial t}+(\frac{i}{\kappa}\nabla+A)^{2}u+(|u|^{2}-1)u=0$ $in$ $\Omega$ , (25a)
$\frac{\partial A}{\partial t}+\Re[\overline{u}(\frac{i}{\kappa}\nabla+A)u]+\nabla\cross(\nabla\cross A-H)=0 in\Omega$ , (25b)
$( \frac{i}{\kappa}\nabla+A)u\cdot n=0,$ $n\cross(\nabla\cross A-H)=0$ on $\partial\Omega$ . (25c)
$u$ : $\Omega\cross \mathbb{R}arrow \mathbb{C}(\Omega\subset \mathbb{R}^{d}, d=2,3)$ $(|u|=1$ $|u|=0$
), $A$ : $\Omega x\mathbb{R}arrow \mathbb{R}^{d}$ $\kappa,$ $\eta\in \mathbb{R}$ $H$
$\Re$
TDGL Ginzburg-Landau :
$\int_{\Omega}G(u, A)dx, G(u, A)=|(\frac{i}{\kappa}\nabla+A)u|^{2}+\frac{1}{2}(|u|^{2}-1)^{2}+|\nabla\cross A-H^{2}$ (26)
( )
Galerkin
: $u(t, \cdot)\in H^{1}(\Omega)$ $A(t, \cdot)\in H^{1}(\Omega)$
$\eta(\frac{\partial u}{\partial t}, u)+(\frac{\partial G}{u}, u)+(\frac{\partial G}{\partial\overline{\nabla u}}, \nabla u)=0, \forall u\in H^{1}(\Omega)$ , (27a)
$( \frac{\partial A}{\partial t}, v)+\frac{1}{2}(\frac{\partial G}{\partial A}, v)+\frac{1}{2}(\frac{\partial G}{\partial(\nabla\cross A)}, \nabla xv)=0,$ $\forall v\in H^{1}(\Omega)$ . $(27b)$
$H^{1}(\Omega)$ Sobolev $H^{1}(\Omega)$ Sobolev
$\Vert u\Vert_{H^{1}(\Omega)}=\Vert u\Vert_{2}+\Vert\nabla\cdot u\Vert_{2}+\Vert\nabla xu\Vert_{2}$
$A$
$|A|_{2}$ $u_{t}(t, \cdot)\in H^{1}(\Omega)$ $A_{t}(t, \cdot)\in H^{1}(\Omega)$
$\frac{d}{dt}\int_{\Omega}Gdx=(\frac{\partial G}{u}, u_{t})+(\frac{\partial G}{\partial\nabla\overline{u}}, \nabla u_{t})+(c.c.)+(\frac{\partial G}{\partial A}, A_{t})+(\frac{\partial G}{\partial(\nabla xA)}, (\nabla\cross A)_{t}))$
$=-2\eta\Vert u_{t}\Vert_{2}^{2}-2\Vert A_{t}\Vert_{2}^{2}\leq 0$ . (28)
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$(cc)$
$S_{d}\in H^{1}(\Omega)$ $W_{d}\in H^{1}(\Omega)$
Matsu$arrow$Kuramae [7] :
$m=1,2,$ $\ldots$ $u^{(m)}\in S_{d}$ $A^{(m)}\in W_{d}(m=2,3, \ldots)$
$\eta(\frac{u^{(m+1)}-u^{(m-1)}}{2\Delta t}, u)+(\frac{\partial G_{AL}}{u}, u)+(\frac{\partial G_{AL}}{\partial\nabla\overline{u}}, \nabla u)=0, \forall u\in S_{d}, (29a)$
$( \frac{A^{(m+1)}-A^{(m)}}{\Delta t}, v)+\frac{1}{2}(\frac{\partial G_{AL}}{\partial A}, v)+\frac{1}{2}(\frac{\partial G_{AL}}{\partial(\nabla\cross A)}, \nabla\cross v)=0, \forall v\in W_{d}$ . (29b)
$u^{(0)},$ $A^{(0)}$ $u(O),$ $A(O)$ $u^{(1)},$ $A^{(1)}$
$\frac{\partial G_{AL}}{u}=-[2(1-u^{(m\pm 1)}\overline{u^{(m)}})u^{(m)}-(1-|u^{(m)}|^{2})u^{(m\pm 1)}]+\frac{i}{\kappa}A^{(m)}\nabla(\frac{u^{(m+1)}+2u^{(m)}+u^{(m-1)}}{4})$
$+|A^{(m)}|_{2}^{2}u^{(m\pm 1)}$ , (30a)
$\frac{\partial G_{AL}}{\partial\nabla\overline{u}}=\frac{1}{\kappa^{2}}\nabla u^{(m\pm 1)}-\frac{i}{\kappa}A^{(m)}(\frac{u^{(m+1)}+2u^{(m)}+u^{(m-1)}}{4})$ , (30b)
$\frac{\partial G_{AL}}{\partial A}=\frac{i}{\kappa}\Im[(m+\frac{1}{2})_{u^{(m+:)}}+2A^{(m+_{\mathfrak{T}}^{1})}(\frac{|u^{(m+1)}|^{2}+|u^{(m)}|^{2}}{2}),$ (30c)
$\frac{\partial G_{AL}}{\partial(\nabla\cross A)}=2\nabla\cross(\frac{A^{(m+1)}+A^{(m)}}{2})-2H$ (30d)
$\Im$
$u^{(m\pm 1)}= \frac{u^{(m+1)}+u^{(m-1)}}{2}, u^{(m+_{5}^{1})}=\frac{u^{(m+1)}+u^{(m)}}{2}, A^{(m+_{5}^{1})}=\frac{A^{(m+1)}+A^{(m)}}{2}.$




2( ) $m=1,2,$ $\ldots$
$\int_{\Omega}$ $(G_{AL}(u^{(m)}, u^{(m+1)}, A^{(m+1)})$ –GAL $(u^{(m-1)}, u^{(m)}, A^{(m)}))dx\leq 0$ . (32)
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2$o$ 1 (27a) $u^{(m-1)},$ $u^{(m)},$ $A^{(m)}$
$u^{(m+1)}$ (30) $u^{(m+1)}$
2 (27b) $A^{(m)},$ $u^{(m)},$ $u^{(m+1)}$ $A^{(m+1)}$
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